Abstract: Fiber reinforced anisotropic material abounds in biological world. It has been demonstrated in previous theoretical and experimental works that growth of biological soft tubular tissue plays a significant role in morphogenesis and pathology. Here we investigate growth-induced buckling of anisotropic cylindrical tissue, focusing on the effects of type of growth(constraint/unconstraint, isotropic/anisotropic), fiber property(orientation, density and strength), geometry and any interaction between these factors. We studied one-layer and two-layer models and obtained a rich spectrum of results. For one-layer model, we demonstrate that circumferential fiber orientation has a consistent stabilizing effect under various scenarios of growth. Higher fiber density has a destabilizing effect by disabling high-mode buckling. For two-layer model, we found that critical buckling strain at inner boundary is an invariant under same isotropic growth rate ratio between inner/outer layer(g i /g 0 ). Then we applied our model to wound healing and illustrate the effects of skin residual stress, fiber property, proliferation region width and wound size on the wound edge stability. We conclude that fiber-reinforcement is an important factor to consider when investigating growth induced instability of anisotropic soft tissue.
Introduction
Growth plays an important role in morphogenesis and pathology. Interplaying between growth and mechanical stress causes formation of a rich brand of various shapes, such like those found in biological world. Growth participates morphogenesis through various ways. Firstly, growth creates internal residual stress in materials. When the stress accumulates to a certain level, the material will change its original shape to accommodate the new material and release some of the stress. For example, a cylindrical elastic tube under cross-sectional growth will buckle circumferentially into a non-circular cross-section, while under axially growth and endpoint constraints it will buckle segmentationally. Growth induced buckling (as well as external stress induced buckling) occurs in mucosal layer of animal cave organs such as airways and intestines, known as mucosal folding. Buckling patterns on the surfaces of fruits and vegetables(bell peppers, mellons, pumpkins, cantaloupe, etc) have been studied by Xi Chen et al. [1] and Nicholas Fang [2] , and are revealed to be related to growth of the soft flesh confined by outer stiff layer. Secondly, inhomogeneous growth creates shear stress, and may cause materials to twist and turn (vines and tendrils) [3] . Buckling induced by confined axial growth, accompanied by twisting growth at the confined end has been revealed to cause helical shape of plant roots growing in mechanically heterogeneous environments [4] . Confined torsion will induce helical buckling [5] . Thirdly, growth can also cause material separated apart to come into contact and join each other [6] , or it can tear originally joint tissue apart and create gaps [7] , like cavitation in lotus root and bamboo shoots.
Mechanical properties of the material itself play an important role in either the evolution of the shape, or maintenance of mechanical stability. Anisotropic material abounds in biological world, e.g. cornea, arteries, veins and tendons in animals reinforced by collagen fibers, as well as stem and leaf veins in vascular plants. Many pathological systems also feature growth and remodeling of fiber-reinforced material, e.g. skin scarring after wounding [8] , obscured cornea after injury [9, 10] , atrial arrhyth-mia induced by myocardial fibrosis [11] , as well as obstructed airway due to submucosa fibrosis [12, 13] . Investigation of buckling behavior of growing fiber-reinforced tube will help better understanding many systems like these.
In the field of bioengineering, efforts have been made to manufacture artificial substitute for cardiovascular tissues to restore or enhance the whole organ function. It is essential to fabricate tissue with correct collagen orientation so that the artificial tissue can mimic native tissue to meet in vivo mechanical demand [14] . What is more, collagen scaffold is widely applied in tissue engineering to support and guide the tissue reconstruction [15] . On the other hand, native tissue may undergo remodeling and collagen reorientation after tissue implants are placed nearby [16] , and it is beneficial to understand how remodeling would impact mechanical behavior. Among all the engineered and related native tissue structures, many are tubular structures like arteries, veins and pulmonary airway, with growth and remodeling involved. Therefore understanding buckling behavior of growing fiber-reinforced tube will help better harness the engineering process.
The theoretical framework for modeling cylindrical tube buckling was laid out by Ogden et al. [17, 18] , and has since found many applications on biological tubes including arteries, esophagus, intestine tubes, airways, etc. Growth induced buckling of layered isotropic tube has been modeled by D.E. Moulton [19, 20] and Bo Li [21, 22] and applied to airway narrowing. These models assume deformations uniform along the tube axis, and investigate the circumferential folding only. Recently, 3D version of the buckling model has enabled investigation of both circumferential folding and longitudinal segmentation. 3D models have been applied to investigate intestine morphogenesis and provide explanation for villi formation [23, 24] as well as general pattern selection of general tubular tissue [25] . Growth induced buckling of anisotropic tube is also investigated by a few groups. The model of Vandiver et al. of growing arteries [26, 27] assumes that artery fiber has axial/circumferential components and studied buckling induced by release of axial stretch and increase in internal pressure. The work by Ciarletta et al. [28] investigated pattern formation in fiber-reinforced tube induced by confined growth(fixed outer surface), and revealed that fiber orientation has limited impact on buckling pattern.
Buckling investigations considering both growth and anisotropic material properties are very scarce to date, and are limited to only certain scenarios. Here we would like to advance this topic in a specific direction, and systemically investigate buckling of fiber-reinforced tube under various growth scenarios. We restrict to deformation uniform along the tube axis, and fiber orientation only in the cross-section perpendicular to axis.We hope to investigate the role of fiber property(orientation, density, strength) as well as geometry in growth-induced buckling.
The rest part of this paper is organized as following. In section 2, we first introduce mechanical representation of fiber-reinforced material proposed by Holzapfel and Murphy, followed by a description of bifurcation analysis as proposed by Ogden [17, 18] and extended by Moulton [19, 20] to treat multi-layer problem. Growth is modeled by two parameters for each tissue layer. Then in section 3, we investigate growth-induced buckling for one-layer and two-layer anisotropic tissue. A rich spectrum of results is obtained. In section 4, we apply our model to a biological system that can be adequately simulated with our model assumption-wound healing.
General impacts of circumferential/radial growth/absorption on anisotropic tube are consistent with those on isotropic tube, but fiber orientation and density alter the detailed behavior in an interesting manner. We found that certain fiber orientation has a consistent stabilizing effect for various growth scenarios, and fiber density has a mixed stabilizing/destabilizing effects for different growth scenarios. For multi-layer model, we found that isotropic growth ratio, instead of absolute growth rate, determines critical buckling strain, even when two layers possess different material properties. We also carry out calculation for most scenarios using full form of strain energy function as proposed by Murphy [29] , and found that interplay between two invariants I 5 and I 7 is worth special attention when modeling growth induced buckling of anisotropic material.
Method

Strain energy functions
When we need to describe isotropic material, the isotropic Neo-Hookean model is adopted:
where α 1 and α 2 are strains in radical and circumferential direction, and µ iso is the stiffness of isotropic material.
Holzapfel model of strain energy function
For the fiber-reinforced anisotropic layer, the reduced form of strain energy function proposed by Holzapfel was broadly adopted in the literature:
where µ aniso is the stiffness of isotropic matrix part, k 1 the stiffness of fiber part, which corresponds to collagen density, k 2 characterizing the strain-stiffening behavior. The invariants I 1 , I 4 and I 6 of the right Cauchy-Green tensor C = F T · F are given by
The invariants I 4 and I 6 are the squares of the stretches in the respective directions of the two families of collagen fibers. The unit vectors M and M ′ describe the orientations of these fibers, and in our model we assume them to be symmetric with respect to the radial direction:
where is the angle deviating from radical direction. We will seek to resolve other types of fiber orientation (e.g. fiber aligned spirally) in future work, while here we restrict ourselves to the case of in-plane fiber orientation. This is also consistent with our in-plane strain assumption adopted for the simplicity of analysis procedure.
Full form of strain energy function proposed by Murphy
In order to be compatible with the linear theory, Murphy et al. proposed that at least three invariants (I 1 , I 4 , I 5 in our context) are necessary to model transversely isotropic materials [30, 31] , while anisotropic material reinforced by two families of mechanically equivalent fibers must contain at least six constants I 1 , I 4 , I 6 , I 5 , I 7 and I 8 [29] .
W aniso (I4, I 6 , I 5 , I 7 ,
The additional invariants I 5 and I 7 and I 8 of the right Cauchy-Green tensor C = F T · F are given by
Stress-strain relation and force equilibrium at initial axis-symmetric deformation
We restrict to deformations uniform along the tube axis, and investigate the circumferential tube buckling while longitudinal buckling is not considered. For clarity, we start the description of our procedure from one-layer case, which can be easily extended to the two-layer case later on. Consider a cylindrical tube with inner radius A and outer radius B. After initial axis-symmetric deformation the function r(R) describes the radius of a circle initially at radius R with r(A) = a and r(B) = b. The deformation gradient tensor is
, expressed in cylindrical coordinate, where index 1 refers to the radial direction and index 2 the circumferential direction. Incompressibility implies det(F)=1 so we write
r R = α, from which the deformation is given by
Therefore once the inner radius a is known, the deformation of the entire tube is completely determined. The (Cauchy) stress-strain constitutive relation for a certain strain-energy function W is
where p is the hydrostatic pressure due to the incompressibility constraint. The components of the (Cauchy) stressstrain relation in radical and circumferential directions are
In the absence of body forces, the force equilibrium gives divT = 0, and the only non-vanishing component is
Eliminating p in (8) and defining the auxiliary functionŴ(α) = W(α −1 , α), equation (7) gives the following closed equations for the stress:
Defining −P = t 1 (b) − t 1 (a), we have
Here P is the applied load on the cylindrical tube, such that P>0 in the case of external pressure and P<0 for internal pressure. For given fixed pressure P, (11) is an equation for the unknown parameter a, since b is related to a through (6).
Stress-strain relation and force equilibrium equation at incremental deformation
Next we add a perturbation to the initial axis-symmetric deformation and establish the equilibrium equation from the constitutive stress-strain relation (to the zeroth and first order). The perturbation comes in the form of an incremental deformation of a wider class (possibly loss of symmetry, and we will adopt sinusoidal form for buckled status later). Introduce incremental deformation χ (1) and consider
where ε is a small parameter characterizing the size of the imposed perturbation. Deformation gradient tensor, cauchy stress tensor, and hydrostatic pressure have corresponding decomposition
Substitute the above into the stress-strain constitutive relation (7)
where
)︁ and separate into parts of different orders we have
is the instantaneous elastic moduli. For equilibrium equation, setting divT = 0 gives divT (0) = 0 at zeroth order and
)︁
− gradp (1) = 0 at the first order. Explicitly, the two components of (18) are
+ F
(1) 11 dp
(1) 12 dp
where M = L : F (1) .
Boundary conditions are set by prescribing either χ (1) or
which is either the incremental deformation or the incremental traction on the boundary.
Bifurcation analysis
Now we try to derive boundary value problem for the buckled state (differential equation(s) with boundary value conditions) whose solutions correspond to buckling status. First we choose to express incremental deformation in polar coordinate
. Then we derive incremental deformation gradient in terms of u and v (and their derivatives). Since
To isolate F (1) we apply the chain rule and use the covariant derivative for cylindrical coordinates (1) into the incremental equilibrium equation (18) yields two differential equations involving the unknown functions u, v and p (1) : (1) ∂r ∂p
The incompressibility condition is
To proceed, we assume sinusoidal form of incremental deformation, so that the functions u, v and p (1) are of the
where buckling mode n is the number of folds in the buckled state. Substitute into (23) and use the incompressibility condition (24) to solve for g(r) in terms of f(r), the system can be simplified to a single fourth order differential equation for f(r)
where f(r) is the amplitude of incremental deformation.
The system is closed with four boundary conditions at r = a and b. For examples, zero shear stress and normal stress are expressed as
Alternatively, if part of the tube is held fixed at one boundary, the normal stress condition is replaced by the requirement that the perturbation vanish at that boundary. If the tube is forced to be circular at one boundary, the two conditions are replaced by f (r) = 0 and f ′ (r) = 0 at that boundary. In this paper, all three types of boundary conditions will be analyzed.
Explicit form of L
Now that we have derived governing equation and boundary conditions, the only mysterious part in them is the instantaneous elastic moduli
Obviously the form of L depends on the form of strain energy function W.
Explicit form of L for isotropic tissue
The isotropic part has similar form as in (29) ,while the anisotropic part has the following form:
Specially, when collagen fibers are aligned spirally on the cross-section of the tube (axial component is zero)
(32) 
When considering growth, the form of I 4 , I 6 thus W 4 , W 6 , W 44 , W 66 don't change, and L aniso doesn't change either.
Since I 4 , I 6 and m 1 , m 2 depend on α. The change of governing equation comes from the change of and corresponding derivatives.
Growth considered
So far deformation has been purely elastic. When considering growth, deformation gradient tensor
)︀ is decomposed into an elastic part and a growth part F = AG, where elastic strain tensor is A = diag (α1, α 2 , 1) and growth tensor G = diag (g1, g 2 , 1), expressed in cylindrical coordinate, where index 1 refers to the radial direction and index 2 the circumferential direction. Incompressibility implies det(A)=1 so we write
from which the deformation is given by
Governing equation for isotropic tissue considering growth
therefore the coefficients of the governing equation are now
Governing equation and boundary condition for anisotropic tissue considering growth
For anisotropic tissue, the components of tensor L and their derivatives changed, while the dependence of B 1 B 2 B 3 B 4 on components of L doesn't change. 
are given in equations (37)-(40).
Boundary condition considering growth
Boundary condition for zero normal and shear stress retain the form in (14) and (15), where components of tensor L and their derivatives are determined as in (42).
Solving the BVP for one-layer and two-layer model
With the components of L corresponding to a certain form of strain energy function W known, we have established form of governing equation and 4 boundary conditions. The bifurcation analysis proceeds by leaving one parameter in the system free and searching for a critical value of that parameter at which the BVP has a solution.
The fourth order differential equation can be transformed into an ODE system of four variables, whose solution space is 4-dimensional. Prescribing two boundary conditions at r = a will reduce the solution space into 2-dimensional. The BVP is solved by choosing two independent boundary conditions at r = a, integrate to r = b, thus obtain two independent solutions ξ 1 (r) and ξ 2 (r), therefore any solution to the initial value problem can be expressed as a linear combination of them
The problem now is to find the constants a 1 and a 2 for which f (r) also satisfies boundary conditions at r = b. We form the determinant of the boundary conditions at r = b
If the determinant D(P), then there exist values a 1 and a 1 for which f (r) given by (35) solves the BVP. The root of D(P)=0 is found by bisection method.
Solving for two-layer model
For each layer, we have a separate governing equation since the form of strain energy function for each layer is different. The continuity of stress at the interface requires that f 
Results
We present results for one-layer, two-layer and three-layer growing anisotropic material respectively. Both zero normal and shear stress boundary condition and circular outer boundary are examined.
One-layer anisotropic model with growth
Zero normal and shear stress boundary condition
We first consider incremental boundary conditions of zero normal and shear stress on both edges. When there is no growth, the tube will only buckle under external pressure.
As the pressure increases, the inner radius decreases until buckling occurs. In Fig. 1 , the bifurcation strain at the inner radius (α = a/A) is plotted against tube thickness for different buckling mode at three fiber orientations ( = π/3, π/4, π/6). For a given thickness, the largest value of over all modes is the critical strain (α * ), at which the tube becomes unstable and buckles, and the corresponding mode n is the critical buckling mode. For a > α * , the tube remains circular. Now we start to investigate the effect of growth on buckling. First we set radial growth g 1 to 1.0, while changing circumferential growth g 2 . Circumferential growth is destabilizing for our default geometric configuration A/B=0.5 and induces automatic buckling at certain critical g 2 ( Fig. 2a-2d ). Circumferential absorption is stabilizing first and then destabilizing at extreme. The most stable tube occurs at g 2_stable ∼ = 0.6 for any fiber orientation. For circumferential growth induced buckling, buckling mode is uniformly 2 for all fiber orientations. On the other hand, for circumferential absorption induced buckling, higher mode is excitable when fiber is more circumferential. Next we set g 2 to 1.0, while changing radial growth rate g 1 , At the default tube thickness, radial absorption is destabilizing, radial growth is first stabilizing and becomes destabilizing at very large value (Fig. 2e-2h) . The most stable tube occurs at g 1_stable ∼ = 1.7 for any fiber orientation. Buckling mode 2 is most common for various g 1 and fiber orientation, but there is a mode transition from 2 to high mode for tube with circumferential fibers, and 2 Growth rate in circumferential direction -- this transition occurs earlier for more circumferential fiber orientation ( Fig. 2g and 2h . For =π/6, g 1_tran = 2.0; for =π/18, g 1_tran = 1.5). The behavior of mode transition is consistent with isotropic tube (g 1_tran = 1.95 [20] .
From the above observation, we can tell there is symmetry between circumferential and radial growth/absorption. Circumferential absorption is roughly equivalent to radial growth. What really matters is the ratio g 1 /g 2 . The most stable tube occurs at g 1 /g 2 ∼ = 1.7 for A/B = 0.5.
Next we change the geometric configuration, and observe the effects of growth on different tube thickness. It turns out tube thickness is an important factor that interacts with growth. At thickness A/B=0.2, circumferential growth becomes stabilizing at g 2 = 1.0, and the most stable tube occurs at g 2_stable = 1.25 (Fig. 3a) . At this thickness, circumferential growth doesn't induce automatic buckling(the most unstable tube occurs at g 2_unstable = 3.5, then further increase in g 2 becomes stabilizing again). At thickness A/B=0.8, circumferential growth has a greater destabilizing effect (g 2_crit = 1.3), and circumferential absorption has a greater stabilizing effect since the most stable tube occurs at a much lower g 2_stable . For radial growth/absorption, tube thickness also affects g 1_stable and g 1_tran . At A/B=0.2, radial growth becomes destabilizing at g 1 = 1.0, and the most stable tube occurs at radial absorption g 1_stable = 0.8 (Fig. 3c) . At A/B=0.8, g 1_stable = 3.3 and the buckling mode remains 2 and never transits even with a circumferential fiber orientation.
Enforced circular boundary condition
Biological tubular structure is often tethered to external wall so that the outer boundary is kept circular. Here we seek to investigate the buckling condition under enforced circular boundary condition. Zero normal stress condition is replaced by f (c) = 0 and f ′ (c) = 0. Radial growth is destabilizing and buckling mode is affected by fiber orientation. n=2 is not favored like free normal and shear boundary condition. In Fig. 4a-4c , we can see that n=3 when > π/4, n>5 when = π/6. Circumferential absorption is stabilizing, and the trend of buckling mode is very similar to radial growth (Fig. 4d-4f ). Again circumferential collagen reinforcement favors high-mode buckling.
Fixed outer boundary condition
When the tube is fixed on outer boundary, it will buckle at certain growth rate. Critical buckling isotropic growth rate is plotted against A/B for various buckling mode in Fig. 5 . In previous study for isotropic tube, most modes are excitable as A/B increases. However, this is not true with anisotropic tube. Buckling mode of an anisotropic tube is more uniform, and is greatly affected by fiber orientation. A tube with more radial fibers has buckling mode lower than those with more circumferential fibers.
Effects of fiber density and fiber strength
We would like to study how fiber density affects buckling induced by growth. Therefore we plot critical buckling pressure/strain/growth rate against different k 1 , under different growth rate setting.
For zero normal and shear stress boundary condition, a higher density of fiber tends to increase the buckling pressure, but the pressure corresponding to mode 2(buckling mode is mostly 2) does not rise much (Fig. 6a-6d) . For radial growth, the transition from low mode to high mode for circumferential fiber orientation is mitigated by a larger k 1 (Fig. 6d) . For enforced circular outer boundary, the effect of changing k 1 depends on fiber orientation. While fiber orientation at the two extremes each has their preferred buckling mode and is indifferent to the change of fiber density, there is a transition from high to low mode for fiber orientation in between as fiber den- sity increases (Fig. 6e-6h) . Note that the buckling strain of the tube only depends on the fiber/matrix stiffness ratio, rather than on stiffness of each component. For fix outer boundary condition, the effect of changing k 1 on buckling mode aligns perfectly with enforced circular boundary condition (Fig. 6i-6l) .
Parameter k 2 in the strain energy function represents the fiber strength. Therefore we plot buckling strain/pressure against different k 2 . For zero normal and shear stress boundary condition, the effect of increasing k 2 on the buckling pressure is much more significant when fiber are oriented radically (Fig. 7) . This is not hard to understand since for pressure induced buckling, radically orientated fiber will bear more stress than circumferentially oriented fiber. However, again the buckling pressure for mode 2 doesn't increase much. For enforced circular outer boundary, critical buckling strain is slightly altered by k 2 . Effect of changing k 2 under fixed outer boundary is not significant(results not shown). 
Multi-layer model with growth
Biological structures are usually layered, with different material properties in each layer. Here we investigate two-layer model, with an anisotropic inner layer, and an isotropic outer layer. Later we will apply this framework to wound healing.
Varying inner layer growth rate (g i1 and g i2 )
First, we set the outer layer no growth, and examine the buckling behavior under various inner layer growth rate. For free stress boundary condition, critical radial growth rate is higher compared to one-layer model, so the tube is more stable when radial growth is restricted to inner layer (Fig. 8a) . The reason for this stronger tube is that k2 increases tensional residual stress builds up when gi 1 > g0 1 . For fiber orientation PI/18, there is low to high mode transition. On the other hand, critical circumferential growth rate is much lower compared to one-layer model, which means the tube is less stable when circumferential growth is restricted to inner layer (Fig. 8b) . The reason for this less strong tube is that compressional residual stress builds up when gi 2 > g0 2 .
For enforced circular boundary, circumferential growth causes higher buckling mode than radial growth, but both occurs under external pressure(results not shown). In Fig. 8d , under fixed outer boundary, critical growth rate (g 1 =g 2 ) is plotted against tube thickness. A thinner tube tends to buckle with a higher mode, but the detailed mode transition is determined by fiber orientation. As the anisotropic layer becomes thicker, the effect of fiber orientation becomes more significant (results not shown).
Critical buckling strain is an invariant for the same isotropic growth rate ratio between inner and outer layer, even if layers have different mechanical structure
Here we consider isotropic growth in both layers, with different isotropic growth rates in each layer (g i1 = g i2 , g 01 = g 02 ). We keep the material of inner layer anisotropic while that of outer layer isotropic. We found that critical buckling strain (︁ a g i A )︁ only depends on the growth rate ratio. Growth parameters with different values but same ratio are equivalent in their buckling effects (Fig. 9) . Previous study has revealed that critical buckling strain is an invariant when two layers are both isotropic material [20] , here we extend the conclusion to layers having different material structures.
Application to wound edge instability
There has been a few works that apply the cylindrical tube framework to wound healing. D.E. Moulton et al. developed a model of would contraction considering the interaction between stress and growth [34] . Radial growth rate of wound tissue has been revealed to be greater near wound edge, as well as circumferential absorption. Ben Amar et al. investigate instability during wound closure by applying buckling theory, where onset of buckling indicates one of the mechanisms of scarring [35] . Both models treat the granulation/scarring tissue as isotropic neohookean material. However, during proliferative phase of wound healing, fibroblast produced collagen is almost radically aligned with the cell influx, and gradually assume random alignment at the later remodeling stage. Here we seek to investigate the wound edge instability considering both growth anisotropy and tissue anisotropy. The wounded tissue is modeled by two-layer cylinder. The outer layer is assumed to be isotropic due to random orientation of collagen at healthy state(we don't consider Langer's line here). Growth rates are zero in outer layer. The inner layer is the proliferation region, anisotropic due to fibroblast induced collagen alignment, and with nonzero growth rates. Our default configuration is A=5mm, B=6mm, C=50mm. We choose a large enough configuration, so that we can apply boundary condition consistent with stress state of normal skin.
We first calculate equilibrium state of the wound before/after growth of proliferation region. We don't consider pulling of the wound edge by myofibroblasts, therefore for each growth scenario, inner boundary will be free of nor- mal stress. Fig. 10(a) shows the recoiled state after wounding due to residual stress of the skin. Stress in normal direction increases from zero (wound edge) to residual stress level in normal skin. Hoop stress is positive at the wound edge(in tension) due to recoiling, and decreases to residual stress level in normal skin at outer boundary. Equilibrium states after radial/circumferential growth for skin with/without residual stress are shown in Fig. 10b and 10c . For skin without residual stress, radial growth will create compression in radial direction and tension in hoop direction. The stress at the interface between growing and nongrowing tissue changes sharply, which reflects the effort to maintain tissue integrity under inhomogeneous growth. Circumferential growth create compression in both hoop and radial direction in the growing region, and hoop tension in the non-growing region. For skin with residual stress, the effect of any mode of growth is dampened. Now we are ready to investigate the critical growth rate and the effect of fiber alignment for onset of wound edge instability. First we fix the wound configuration to the . default configuration. We choose enforced circular outer boundary to simulate loose skin, and carry out buckling analysis as in Section 3.1. We investigate several growth mode: isotropic growth, anisotropic growth with a fixed gθ gr , and radial growth.
Isotropic growth almost doesn't induce buckling for radial fiber orientation (Fig. 11a) . However, as fiber becomes more and more circumferential, buckling happens with lower g crit and with higher buckling mode. Anisotropic growth with a larger circumferential growth rate is generally stabilizing, with a more significant effect on radial fiber reinforcement (Fig. 11b) . Thus radial fiber reinforcement makes the wound edge more tolerant to both modes of growth. Under radial growth, buckling mode becomes higher when fiber is more circumferential, but g 1crit doesn't change much with fiber orientation under zero stress. However, for residually stressed skin, g 1crit increases faster with the residual stress level for radial fiber reinforcement (Fig. 11c) , which confirms the stabilizing effect of radically aligned fibers on wound edge due to radial growth. Stress profiles(radial and hoop) at the onset of buckling for various skin residual stress level are plotted in Fig. 11d-11e ). Note that hoop stress at wound edge at buckling is compressional.
We then change the wound geometry to investigate the effects of wound size and proliferation region width. From Fig. 12 , we see that larger wound always corresponds to higher buckling mode. This trend is consistent between stiff skin (Fig. 12a , modeled by fixed outer boundary) and loose skin (Fig. 12b-12c , modeled by enforced circular boundary). For radial growth, critical growth rate g 1crit is plotted against fiber orientation for various wound sizes in Fig. 12b . For isotropic growth, critical buckling pressure is plotted against isotropic growth rate for various wound sizes in Fig. 12c . We can observe that isotropic growth alone hardly induces automatic buckling for a large wound. However, the pressure required for buckling is very low at some point. In reality, buckling can still happen due to imperfections and cellular activities; when buckling occurs, radically aligned fibers tends to induce higher mode. On the other hand, proliferation region width has negligible impact on buckling mode when inner wound radius is the same, although a wider proliferation region corresponds to a smaller critical growth rate (Fig. 13) . In summary, buckling mode is determined by wound size as well as fiber orientation, while almost indifferent to proliferation region width.
In Fig. 14a-14c , we show the effect of stiffness ratio between normal tissue and granulation tissue. A larger stiffness ratio will increase the buckling mode both due to isotropic growth and radial growth, but will maintain the critical growth rate. For anisotropic growth, radial fiber alignment is again much more tolerant for circumferential growth (Fig. 14c) . Then Fig. 14d-14e show that increasing fiber density will make buckling happen faster (lower critical growth rate). Increasing fiber strength will have the similar effect as increasing fiber density(results not shown). Therefore, if the growing region is softer, containing less amount of fiber of less strength, the wound edge is less prone to buckle.
Our findings are consistent with result obtained from isotropic model [35] model in terms of effects of wound size and stiffness ratio. However, we further reveal radial fiber orientation has stabilizing effects for various modes of growth. Bowden et al. has revealed that normal healing should be characterized by anisotropic growth, with the addition of material in the radial direction and removal of material in the circumferential direction [34] . This growth mode can be roughly depicted by radial growth in each graph of this section (Fig. 11-14) , and our findings indicate that it is more prone to buckle than other growth modes.
Discussion
In this paper, we have systematically researched growth induced buckling for layered fiber-reinforced tube. Problems solved include but are not limited to 1)critical growth rate and buckling mode for various geometries, fiber orientations and fiber properties; 2) invariant of layered material; 3)application to wound healing which reveals the stabilizing effects of radial fiber alignment. The methodology adopted is limited to fiber aligned in the cross-section. It is expected that this systematic investigation will foster a deep understanding of instability in this specific scope, bridge to understanding biological morphogenesis, as well as facilitate the design of materials and structures by rationally harnessing their instabilities.
For one-layer model, we found that tubes with different fiber orientation do exhibit distinguishable buckling behaviors under various boundary conditions. When allowed to grow without confinement or external stress, a tube with circumferential fiber alignment is featured with low-to-high mode transition. When a tube is confined(either fixed outer boundary or enforced circular outer boundary), circumferential fiber alignment gives preference for high mode buckling. Considering that buckling with a higher mode has less catastrophic effect on the tube's shape, circumferential fiber alignment has continued to assume the stabilizing role as in scenarios without growth. A notable difference between radial and circumferential growth is, radial growth induced buckling is inevitable-applying internal/external outward stress will only affect critical growth value; on the other hand, circumferential growth induced buckling can be prevented by applying outward stress. The effect of tube geometry on anisotropic tube is generally consistent with isotropic tube-circumferential/radial growth can be stabilizing or destabilizing depending on the inner/outer radius ratio. A few other qualitative changes with tube geometry -1)a thin tube doesn't experience low-to-high mode transition under free boundary condition; 2) a thick tube doesn't automatically buckle under circumferential growth. Fiber properties including density and strength also affect buckling. Increasing fiber density alone can cause low-to-high mode transition under certain fiber orientation. Increasing fiber strength has greater effect for buckling pressure of tubes with radial fiber orientation, since radial fibers bear load under deformation.
Then we studied the two-layer model with growth restricted to inner layer. Tubes with inner-layer radial growth under free boundary condition has very similar behavior with one-layer model, since radial growth is most unlikely to be affected by the non-growing outer layer. Other than that, circumferential growth under free boundary condition, various growth pattern under enforced circular boundary and fixed boundary, have altered buckling behavior under the confinement of outer layer. The conclusion obtained by assuming inner layer growth can be extended to both layer growth by the observation that buckling strain at inner boundary is an invariant under same isotropic growth ratio between inner/outer layer.
Compared with previous works on growth induced buckling of anisotropic tube, Vandiver et al. revealed that both growth and applied internal pressure provide improvements in the overall rigidity of the anisotropic cylindrical shell [26] . In their application to artery stability, they reveal that both an axial off-loading and an increase in the internal pressure can lead to buckling.
In the application to wound edge instability, we see radial fiber reinforcement has an irrefutable stabilizing effect for various modes of growth. Our model has the following limitations-first, it assumes homogeneous radial and circumferential growth rates for simplicity. In reality, nonhomogeneous growth rates may change the buckling behavior. Second, the results obtained are exact only for instantaneous growth induced residual stress, while remodeling might have changed tissue structure and canceled part of the residual stress before the growth is completed. Effects of spatial and temporal pattern of growth on buckling pattern is worth exploring in future work. 
